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Finite and Infinite Integral Formulas Associated 

with a Family of Incomplete I- Functions 
Prachi Jain, Vandana Jat

Abstract: In recent years, research focuses on the integral 

representations of several kinds of special functions. In this 

paper, first we establish the integral representation of incomplete 

I- functions. Further, we find out some special cases of these 

integrals. Finally, we derived certain integrals involving a 

product of incomplete I- function and some other special 

functions.2010 Mathematics Subject Classification: 33E20, 

44A40.  

Keywords: and phrases: Incomplete I-functions; Incomplete 

Gamma functions and Mellin- Barnes type integral. 

I. INTRODUCTION 

In the last decade, many authors (see, e.g. [1-7], [11-

14]) have developed numerous integral formulas involving a 

variety of incomplete hypergeometric functions. Such 

integral formulas have many applications in potential field 

of physics, applied sciences, engineering and chemical 

sciences.  

Recently, Bansal et al. [1] introduce new incomplete 

I-functions which is an extension of the Saxena’s I- function 

[10] and gave certain interesting integral formulas and 

transform of these functions, which are expressed in terms 

of generalized (Wright) hypergeometric function. 

The incomplete I- functions (IIFs) 𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 (𝑤)

()
 and 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 (𝑤)

(γ)
 [1] are defined as follows  

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 (𝑤)()

= 𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛()

[𝑤 |
(𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑛
, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

] 

 

=
1

2𝜋𝜔
∫ Ø1(𝜉, 𝑦) 𝑤−𝜉𝑑𝜉

𝐿

,                                                                                       (1.1) 

 

where 

Ø1(𝜉, 𝑦) 

=  
(1 − 𝑔1 − 𝑮1𝜉, 𝑦) ∏ 𝛤(ℎ𝑗 + 𝑯𝑗𝜉) ∏ 𝛤(1 − 𝑔𝑗 − 𝑮𝑗𝜉)𝑛

𝑗=2
𝑚
𝑗=1

∑ [∏ 𝛤(1 − ℎ𝑗𝑙−𝑯𝑗𝑙𝜉) ∏ 𝛤(𝑔𝑗𝑙+𝑮𝑗𝑙𝜉)
𝑝𝑙
𝑗=𝑛+1

𝑞𝑙
𝑗=𝑚+1 ]𝑟

𝑙=1

(1.2) 

and 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 (𝑤)

(γ)

= 𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛(γ)

[𝑤 |
(𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑛
, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

] 

 

                                              =
1

2𝜋𝜔
∫ Ø2(𝜉, 𝑦) 𝑤−𝜉𝑑𝜉                                                   (1.3)

𝐿

 

where 

Ø2(𝜉, 𝑦) 

 

=  
𝛾(1 − 𝑔1 − 𝑮1𝜉, 𝑦) ∏ 𝛤(ℎ𝑗 + 𝑯𝑗𝜉) ∏ 𝛤(1 − 𝑔𝑗 − 𝑮𝑗𝜉)𝑛

𝑗=2
𝑚
𝑗=1

∑ [∏ 𝛤(1 − ℎ𝑗𝑙−𝑯𝑗𝑙𝜉) ∏ 𝛤(𝑔𝑗𝑙+𝑮𝑗𝑙𝜉)
𝑝𝑙
𝑗=𝑛+1

𝑞𝑙
𝑗=𝑚+1 ]𝑟

𝑙=1

(1.4) 

 

The incomplete I- functions 𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 (𝑤)

()
 and 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 (𝑤)

(γ)
 in (1.1) and (1.3) exists for𝑦 ≥ 0 under the 

following set of conditions satisfied. 
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The contour L in the complex 𝜉-plane extends from 

𝑐 − 𝑖∞ to 𝑐 + 𝑖∞, 𝑐 𝑅𝑒 and poles of the gamma functions 

𝛤(1 − 𝑔𝑗 − 𝑮𝑗𝜉), 𝑗 = 1, 𝑛̅̅ ̅̅̅ do not exactly match with the 

poles of the gamma functions𝛤(ℎ𝑗 + 𝑯𝑗𝜉), 𝑗 = 1, 𝑚.̅̅ ̅̅ ̅̅  The 

parameters 𝑚, 𝑛, 𝑝𝑙 , 𝑞𝑙 are non negative integers satisfying 

0 ≤ 𝑛 ≤ 𝑝𝑙 , 0 ≤ 𝑚 ≤ 𝑞𝑙 , 𝑙 = 1, 𝑟̅̅ ̅̅ . The parameters 

𝑮𝑗 , 𝑯𝑗 , 𝑮𝑗𝑙 , 𝑯𝑗𝑙  are positive integers and 𝑔𝑗 , ℎ𝑗 , 𝑔𝑗𝑙 ,ℎ𝑗𝑙 are 

complex. All poles of Ø1(𝜉, 𝑦)and Ø2(𝜉, 𝑦) are supposed to 

be simple and the empty product is treated as unity. 

(i) 𝑙 > 0,   |arg (𝑤)| <
𝜋

2
𝑙  ,        

(ii) 𝑙 ≥ 0,   |arg (𝑤)| ≤
𝜋

2
𝑙    and   Re (𝜇𝑙 + 1) < 0,  

where 

http://www.ijap.latticescipub.com/
mailto:vandanajat0907@gmail.com
https://www.openaccess.nl/en/open-publications
http://creativecommons.org/licenses/by-nc-nd/4.0/
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𝑙 = ∑ 𝑮𝑗 +

𝑛

𝑗=2

∑ 𝑯𝑗 −

𝑛

𝑗=2

∑ 𝑮𝑗𝑙 −

𝑝𝑙

𝑗=𝑛+1

∑ 𝑯𝑗𝑙

𝑞𝑙

𝑗=𝑚+1

(1.5) 

and 


𝑙

= ∑ 𝑔𝑗 −

𝑛

𝑗=2

∑ ℎ𝑗 +

𝑛

𝑗=2

∑ 𝑔𝑗𝑙 −

𝑝𝑙

𝑗=𝑛+1

∑ ℎ𝑗𝑙

𝑞𝑙

𝑗=𝑚+1

+
1

2
(𝑝𝑙

− 𝑞𝑙),                                                      (1.6) 

for all 𝑙 = 1, 𝑟̅̅ ̅̅ . 

Now, we call here Mellintransformof incomplete I- 

functions, which were given by Bansal et al.  (see [1], 

p.1251, equation (3.2)). 

Mellin Transform 

If 

𝑙 > 0, 𝜏 > 0, |arg(𝑤)| <
𝜋

2
𝑙 , Re (𝜇𝑙) + 1 < 0,   𝑙 = 1, 𝑟̅̅ ̅̅  

y ≥ 0, k > 0, − min
1≤j≤m

Re (
ℎ𝑗

𝑯𝑗

) < Re(þ)

< min
1≤j≤n

Re (
1 − 𝑔𝑗

𝑮𝑗

), 

Then Mellin transform of incomplete I- functions 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 (𝑤)

()
 and 𝐼𝑝𝑙,𝑞𝑙;𝑟

𝑚,𝑛 (𝑤)
(γ)

 defined as follows: 

M

{ 𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛()

[𝑘𝑤𝜏 |
(𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑛
, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)

𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

] ; þ} =

𝑘−þ

𝜏
Ø1 (

þ

𝜏
, 𝑦) 

(1.7) 

and 

M

{ 𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛(γ)

[𝑘𝑤 |
(𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑛
, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)

𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

] ; þ} =

𝑘−þØ2(þ, 𝑦) 

(

1

.

8

) 

whereØ1(þ, 𝑦)and Ø2(þ, 𝑦) are given in (1.2) and (1.4) 

respectively and provided that each member in (1.7) and 

(1.8) exist. 

If we take 𝑦 = 0 in (1.7),then Mellin transform of I- 

function [10] is defined as follows: 

M{𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 [𝑘𝑤𝜏 |

(𝑔𝑗 , 𝑮𝑗)
1,𝑛

(𝑔𝑗𝑙 , 𝑮𝑗𝑙)
𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

] ; þ} =
𝑘−þ

𝜏
𝜙 (

þ

𝜏
) 

(1.9) 

provided that each member in (1.9) exist. 

II. INTEGRAL REPRESENTATIONS OF 

INCOMPLETE I-FUNCTIONS   

In recent year, Srivastava et al. [13] and Bansal et al. [2] 

established the integral representation of the incomplete 

Gauss hypergeometric functions and incomplete H-functions 

respectively. So motivated by their work, we establish the 

integral representation of incomplete I- functions defined in 

(1.1) and (1.3). 

Theorem I 

If 𝑦 ≥ 0 and 𝑅𝑒(𝑔1) > 0, thenintegral representation 

ofincomplete I- functions 𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 (𝑤)

()
 and 𝐼𝑝𝑙,𝑞𝑙;𝑟

𝑚,𝑛 (𝑤)
(𝛾)

 

(1.1) and (1.3) in following way: 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛()

[𝑤 |
(1 − 𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑛
, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)

𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

] 

=

∫ 𝑡𝑔1−1𝑒−𝑡𝐼𝑝𝑙−1,𝑞𝑙;𝑟
𝑚,𝑛−1 [𝑡𝑮1𝑤 |

(𝑔𝑗 , 𝑮𝑗)
2,𝑛

, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)
𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

]  𝑑𝑡   

∞

𝑦

(2.1) and 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛(𝛾)

[𝑤 |
(1 − 𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑛
, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)

𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

] 

 

= ∫ 𝑡𝑔1−1𝑒−𝑡𝐼𝑝𝑙−1,𝑞𝑙;𝑟
𝑚,𝑛−1 [𝑡𝑮1𝑤 |

(𝑔𝑗 , 𝑮𝑗)
2,𝑛

, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)
𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

]  𝑑𝑡   

𝑦

0

 

(2.2) 
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Proof:  
 

To prove the assertion (2.1), firstly we express the Mellin-Barnes contour integral form of well knownSaxena’sI-function 

[10] in R.H.S of (2.1), we get  

  

∫ 𝑡𝑔1−1𝑒−𝑡
1

2𝜋𝜔
∫

∏ 𝛤(ℎ𝑗 + 𝑯𝑗𝜉) ∏ 𝛤(1 − 𝑔𝑗 − 𝑮𝑗𝜉)𝑛
𝑗=2

𝑚
𝑗=1

∑ [∏ 𝛤(1 − ℎ𝑗𝑙−𝑯𝑗𝑙𝜉) ∏ 𝛤(𝑔𝑗𝑙+𝑮𝑗𝑙𝜉)
𝑝𝑙

𝑗=𝑛+1
𝑞𝑙

𝑗=𝑚+1 ]𝑟
𝑙=1

(𝑡𝑮1𝑤)−𝜉𝑑𝜉
𝐿

 𝑑𝑡   ,

∞

𝑦

 

(2.3) 

Further, changing the order of integration and with the help of familiar upper incomplete Gamma function definition (see [1], 

equation (1.4)).We obtain 

 

1

2𝜋𝜔
∫

(𝑔1 − 𝑮1𝜉, 𝑦) ∏ 𝛤(ℎ𝑗 + 𝑯𝑗𝜉) ∏ 𝛤(1 − 𝑔𝑗 − 𝑮𝑗𝜉)𝑛
𝑗=2

𝑚
𝑗=1

∑ [∏ 𝛤(1 − ℎ𝑗𝑙−𝑯𝑗𝑙𝜉) ∏ 𝛤(𝑔𝑗𝑙+𝑮𝑗𝑙𝜉)
𝑝𝑙

𝑗=𝑛+1
𝑞𝑙

𝑗=𝑚+1 ]𝑟
𝑙=1

𝑤−𝜉𝑑𝜉
𝐿

2 

with the help of (1.1),we arrive at the result of (2.1). 

Similarly, we get the integral representation (2.2) of incomplete I- function 𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 (𝑤)

(γ)
with the help of lower incomplete 

Gamma function definition (see [1], equation (1.3)). 

 

2.1 Special cases: 

(i) If we set 𝑦 = 0 in (2.1), then we obtain integral representation of Saxena’sI- function [10] as  

 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛 [𝑤 |

(1 − 𝑔1, 𝑮1), (𝑔𝑗 , 𝑮𝑗)
2,𝑛

, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

] 

= ∫ 𝑡𝑔1−1𝑒−𝑡𝐼𝑝𝑙−1,𝑞𝑙;𝑟
𝑚,𝑛−1 [𝑡𝑮1𝑤 |

(𝑔𝑗 , 𝑮𝑗)
2,𝑛

, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

]  𝑑𝑡   
∞

0
(2.1.1) 

(i) Again, setting 𝑟 = 1 in (2.1) and (2.2), then we obtain integral representation of incomplete H- function[14], which 

is established by Bansal et al. [2] 

 

 𝑝,𝑞
𝑚,𝑛

[𝑤 |
(1 − 𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑝

(ℎ𝑗 , 𝑯𝑗)
1,𝑞

] 

= ∫ 𝑡𝑔1−1𝑒−𝑡𝐻𝑝−1,𝑞
𝑚,𝑛−1 [𝑡𝑮1𝑤 |

(𝑔𝑗 , 𝑮𝑗)
2,𝑝

(ℎ𝑗 , 𝑯𝑗)
1,𝑞

]  𝑑𝑡   
∞

𝑦
(2.1.2) 

and 

γ 𝑝,𝑞
𝑚,𝑛 [𝑤 |

(1 − 𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)
2,𝑝

(ℎ𝑗 , 𝑯𝑗)
1,𝑞

] 

= ∫ 𝑡𝑔1−1𝑒−𝑡𝐻𝑝−1,𝑞
𝑚,𝑛−1 [𝑡𝑮1𝑤 |

(𝑔𝑗 , 𝑮𝑗)
2,𝑝

(ℎ𝑗 , 𝑯𝑗)
1,𝑞

]  𝑑𝑡                            
𝑦

0
(2.1.3) 

(ii) If we take 𝑟 = 1 and 𝑦 = 0, then (2.1) reduces to familiar Fox’s H-function ([8], [9], [15]): 

 

𝐻 𝑝,𝑞
𝑚,𝑛 [𝑤 |

(1 − 𝑔1, 𝑮1), (𝑔𝑗 , 𝑮𝑗)
2,𝑝

(ℎ𝑗 , 𝑯𝑗)
1,𝑞

] 

= ∫ 𝑡𝑔1−1𝑒−𝑡𝐻𝑝−1,𝑞
𝑚,𝑛−1 [𝑡𝑮1𝑤 |

(𝑔𝑗 , 𝑮𝑗)
2,𝑝

(ℎ𝑗 , 𝑯𝑗)
1,𝑞

]  𝑑𝑡   
∞

0
(2.1.4) 

III. INTEGRAL FORMULAS INVOLVING A 

PRODUCT OF INCOMPLETE I-FUNCTION 

AND THE VARIOUS KINDS OF SPECIAL 

FUNCTIONS 

 

 

 

 

Theorem II 

If 

𝜎 > 0, −𝜎 𝑚𝑎𝑥
1≤𝑗≤𝑛

𝑅𝑒 (
1 − 𝑔𝑗

𝑮𝑗
) − 𝑚𝑖𝑛

1≤𝑗≤𝑀
𝑅𝑒 (

𝑏𝑗

𝛽𝑗
) < 𝑅𝑒(𝜌) < 𝜎 𝑚𝑖𝑛

1≤𝑗≤𝑚
𝑅𝑒 (

ℎ𝑗

𝑯𝑗
) + 𝑚𝑎𝑥

1≤𝑗≤𝑁
𝑅𝑒 (

1 − 𝑎𝑗

𝛼𝑗
), 
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Then the following improper integral holds for𝑦 ≥ 0: 

∫ 𝑤𝜌−1 𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛()

[𝑘𝑤−𝜎 |
(𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑛
, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)

𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

]

∞

0

 

  × 𝐼𝑃𝑙,𝑄𝑙;𝑅
𝑀,𝑁 [𝑠𝑤 |

(𝑎𝑗 , 𝛼𝑗)
1,𝑁

 ; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)
𝑁+1,𝑃𝑙

(𝑏𝑗 , 𝛽𝑗)
1,𝑀

; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)
𝑀+1,𝑄𝑙

]  𝑑𝑤 

= 𝑠−𝜌 𝐼𝑝𝑙+𝑃𝑙,𝑞𝑙+𝑄𝑙;𝑟𝑅
𝑚+𝑀,𝑛+𝑁()

[𝑘𝑠𝜎 |
𝐶 ∙

𝐷∙]     (3.1) 

and 

∫ 𝑤𝜌−1 𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛(𝛾)

[𝑘𝑤−𝜎 |
(𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑛
, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)𝑛+1,𝑝𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑚

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

]

∞

0

 

                                               × 𝐼𝑃𝑙,𝑄𝑙;𝑅
𝑀,𝑁 [𝑠𝑤 |

(𝑎𝑗 , 𝛼𝑗)
1,𝑁

 ; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)𝑁+1,𝑃𝑙

(𝑏𝑗 , 𝛽𝑗)
1,𝑀

; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)
𝑀+1,𝑄𝑙

]  𝑑𝑤 

 

= 𝑠−𝜌 𝐼𝑝𝑙+𝑃𝑙,𝑞𝑙+𝑄𝑙;𝑟𝑅
𝑚+𝑀,𝑛+𝑁(𝛾)

[𝑘𝑠𝜎 |
𝐶 ∙

𝐷∙](3.2) 

where 

𝐶 ∙ = (𝑔1, 𝑮1, 𝑦), (𝑎𝑗 + 𝜌𝛼𝑗 , 𝜎𝛼𝑗)
1,𝑁

, (𝑔𝑗 , 𝑮𝑗)
2,𝑛

; (𝑔𝑗𝑙 , 𝑮𝑗𝑙)
𝑛+1,𝑝𝑙

, (𝑎𝑗𝑖 + 𝜌𝛼𝑗𝑖 , 𝜎𝛼𝑗𝑖)𝑁+1,𝑃𝑙
 

and 

𝐷∙ = (𝑏𝑗 + 𝛽𝑗𝜌, 𝜎𝛽𝑗)
1,𝑀

, (ℎ𝑗 , 𝑯𝑗)
1,𝑚

; (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑚+1,𝑞𝑙

,(𝑏𝑗𝑖 + 𝜌𝛽𝑗𝑖 , 𝜎𝛽𝑗𝑖)
𝑀+1,𝑄𝑙

 

provided that the conditions of incomplete I-function and I-function are satisfied. 

Proof: 

To prove the assertion (3.1), first we write Mellin contour integral form of incomplete I-function with the help of (1.1), we 

obtain (say) 

 = ∫ 𝑤𝜌−1∞

0
[

1

2𝜋𝜔
∫ Ø2(𝜉, 𝑦) (𝑘𝑤−𝜎)−𝜉𝑑𝜉

𝐿
] 𝐼𝑃𝑙,𝑄𝑙;𝑅

𝑀,𝑁 [𝑠𝑤 |
(𝑎𝑗 , 𝛼𝑗)

1,𝑁
 ; (𝑎𝑗𝑖 , 𝛼𝑗𝑖)

𝑁+1,𝑃𝑙

(𝑏𝑗 , 𝛽𝑗)
1,𝑀

; (𝑏𝑗𝑖 , 𝛽𝑗𝑖)
𝑀+1,𝑄𝑙

]  𝑑𝑤    (3.3) 

Now, changing the order of integration and using Mellin transform of I-function, we get 

 

 =
𝑠−𝜌

2𝜋𝜔
∫ Ø1(𝜉, 𝑦)𝜙(𝜌 + 𝜎𝜉) (𝑘𝑠𝜎)−𝜉𝑑𝜉

𝐿
    (3.4) 

Finally, with the help of (1.1) and (see [10], equation (2.1.42)) we get the desired result.  

 

Theorem III 

If 

𝜎 > 0, −𝜎 𝑚𝑎𝑥
1≤𝑗≤𝑁

𝑅𝑒 (
1 − 𝑔𝑗

𝑮𝑗

) − 𝑚𝑖𝑛
1≤𝑗≤𝑚

𝑅𝑒 (
𝑓𝑗

𝑭𝑗

) < 𝑅𝑒(𝜌) < 𝜎 𝑚𝑖𝑛
1≤𝑗≤𝑀

𝑅𝑒 (
ℎ𝑗

𝑯𝑗

) + 𝑚𝑎𝑥
1≤𝑗≤𝑛

𝑅𝑒 (
1 − 𝑒𝑗

𝑬𝑗

), 

Then the following improper integral holds for  𝑥, 𝑦 ≥ 0: 

 

∫ 𝑤𝜌−1 𝐼𝑃𝑙,𝑄𝑙;𝑅
𝑀,𝑁()

[𝑘𝑤−𝜎 |
(𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑁
, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)

𝑁+1,𝑃𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑀

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑀+1,𝑄𝑙

]

∞

0

 

 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛()

[𝑠𝑤𝜏 |
(𝑒1, 𝑬1, 𝑥), (𝑒𝑗 , 𝑬𝑗)

2,𝑛
, (𝑒𝑗𝑙 , 𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

(𝑓𝑗 , 𝑭𝑗)
1,𝑚

, (𝑓𝑗𝑙 , 𝑭𝑗𝑙)
𝑚+1,𝑞𝑙

] 𝑑𝑤 

 

=
𝑠−𝜌

𝜏
𝐼𝑃𝑙+𝑝𝑙,𝑄𝑙+𝑞𝑙;𝑅𝑟

𝑀+𝑚,𝑁+𝑛()
[𝑘𝑠𝜎 |

𝐶 ∙

𝐷∙]      (3.5) 

and 

∫ 𝑤𝜌−1 𝐼𝑃𝑙,𝑄𝑙;𝑅
𝑀,𝑁(𝛾)

[𝑘𝑤−𝜎 |
(𝑔1, 𝑮1 , 𝑦), (𝑔𝑗 , 𝑮𝑗)

2,𝑁
, (𝑔𝑗𝑙 , 𝑮𝑗𝑙)

𝑁+1,𝑃𝑙

(ℎ𝑗 , 𝑯𝑗)
1,𝑀

, (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑀+1,𝑄𝑙

]

∞

0

 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛(𝛾)

[𝑠𝑤𝜏 |
(𝑒1, 𝑬1, 𝑥), (𝑒𝑗 , 𝑬𝑗)

2,𝑛
, (𝑒𝑗𝑙 , 𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

(𝑓𝑗 , 𝑭𝑗)
1,𝑚

, (𝑓𝑗𝑙 , 𝑭𝑗𝑙)
𝑚+1,𝑞𝑙

] 𝑑𝑤 
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=
𝑠−𝜌

𝜏
𝐼𝑃𝑙+𝑝𝑙,𝑄𝑙+𝑞𝑙;𝑅𝑟

𝑀+𝑚,𝑁+𝑛(𝛾)
[𝑘𝑠𝜎 |

𝐶 ∙

𝐷∙]      (3.6) 

where 

𝐶 ∙ = (𝑒1 +
𝜌

𝜏
𝑬1,

𝜎

𝜏
𝑬1, 𝑥) (𝑔1, 𝑮1, 𝑦), (𝑒𝑗 +

𝜌

𝜏
𝑬𝑗 ,

𝜎

𝜏
𝑬𝑗)

2,𝑛
, (𝑔𝑗 , 𝑮𝑗)

2,𝑁

; (𝑔𝑗𝑙 , 𝑮𝑗𝑙)𝑁+1,𝑃𝑙
, (𝑒𝑗𝑙 +

𝜌

𝜏
𝑬𝑗𝑙 ,

𝜎

𝜏
𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

 

and 

𝐷∙ = (𝑓𝑗 +
𝜌

𝜏
𝑭𝑗,

𝜎

𝜏
𝑭𝑗)

1,𝑚
, (ℎ𝑗 , 𝑯𝑗)

1,𝑀

; (ℎ𝑗𝑙 , 𝑯𝑗𝑙)
𝑀+1,𝑄𝑙

,(𝑓𝑗𝑙 +
𝜌

𝜏
𝑭𝑗𝑙 ,

𝜎

𝜏
𝑭𝑗𝑙)

𝑚+1,𝑞𝑙

 

provided that the conditions of incomplete I-functions in (1.1) and (1.3) are satisfied. 

Proof: 

To prove the assertion (3.5), first we write Mellin contour integral form of incomplete I-function with the help of (1.1), we 

obtain (say) 

 = ∫ 𝑤𝜌−1

∞

0

[
1

2𝜋𝜔
∫ Ø1(𝜉, 𝑦) (𝑘𝑤−𝜎)−𝜉𝑑𝜉

𝐿

] 

𝐼𝑃𝑙,𝑄𝑙;𝑅
𝑀,𝑁()

[𝑠𝑤𝜏 |
(𝑒1, 𝑬1, 𝑥), (𝑒𝑗 , 𝑬𝑗)

2,𝑛
, (𝑒𝑗𝑙 , 𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

(𝑓𝑗, 𝑭𝑗)
1,𝑚

, (𝑓𝑗𝑙 , 𝑭𝑗𝑙)𝑚+1,𝑞𝑙

]  𝑑𝑤  (3.7) 

 

Now, changing the order of integration and using Mellin transform of incomplete I-function (1.7), we get 

 =
𝑠−𝜌

𝜏(2𝜋𝜔)
∫ Ø1(𝜉, 𝑦)𝜙2 (

𝜌+𝜎𝜉

𝜏
, 𝑥) (𝑘𝑠𝜎)−𝜉𝑑𝜉

𝐿
   (3.8) 

Finally, with the help of (1.1), we get the desired result (3.5) of Theorem III. 

Theorem IV 

If 

𝜎 > 0, −𝜎 𝑚𝑎𝑥
1≤𝑗≤𝑁

𝑅𝑒 (
1 − 𝑔𝑗

𝑮𝑗

) − 𝑚𝑖𝑛
1≤𝑗≤𝑚

𝑅𝑒 (
𝑓𝑗

𝑭𝑗

) < 𝑅𝑒(𝜌) < 𝜎 𝑚𝑖𝑛
1≤𝑗≤𝑀

𝑅𝑒 (
ℎ𝑗

𝑯𝑗

) + 𝑚𝑎𝑥
1≤𝑗≤𝑛

𝑅𝑒 (
1 − 𝑒𝑗

𝑬𝑗

), 

Then the following improper integral holds for  𝑥, 𝑦 ≥ 0: 

∫ 𝑤𝜌−1𝑃,𝑄
𝑀,𝑁 [𝑘𝑤−𝜎 |

(𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)
2,𝑃

(ℎ𝑗 , 𝑯𝑗)
1,𝑄

]

∞

0

 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛()

[𝑠𝑤𝜏 |
(𝑒1, 𝑬1, 𝑥), (𝑒𝑗 , 𝑬𝑗)

2,𝑛
, (𝑒𝑗𝑙 , 𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

(𝑓𝑗 , 𝑭𝑗)
1,𝑚

, (𝑓𝑗𝑙 , 𝑭𝑗𝑙)
𝑚+1,𝑞𝑙

] 𝑑𝑤 

=
𝑠−𝜌

𝜏
𝐼𝑃+𝑝𝑙,𝑄+𝑞𝑙;𝑟

𝑀+𝑚,𝑁+𝑛()
[𝑘𝑠𝜎 |

𝐶 ∙

𝐷∙]      (3.9) 

and 

∫ 𝑤𝜌−1𝛾𝑃,𝑄
𝑀,𝑁 [𝑘𝑤−𝜎 |

(𝑔1, 𝑮1, 𝑦), (𝑔𝑗 , 𝑮𝑗)
2,𝑃

(ℎ𝑗 , 𝑯𝑗)
1,𝑄

]

∞

0

 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛(𝛾)

[𝑠𝑤𝜏 |
(𝑒1, 𝑬1, 𝑥), (𝑒𝑗 , 𝑬𝑗)

2,𝑛
, (𝑒𝑗𝑙 , 𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

(𝑓𝑗 , 𝑭𝑗)
1,𝑚

, (𝑓𝑗𝑙 , 𝑭𝑗𝑙)
𝑚+1,𝑞𝑙

] 𝑑𝑤 

=
𝑠−𝜌

𝜏
𝐼𝑃+𝑝𝑙,𝑄+𝑞𝑙;𝑟

𝑀+𝑚,𝑁+𝑛(𝛾)
[𝑘𝑠𝜎 |

𝐶 ∙

𝐷∙]      (3.10) 

 

 

where 

𝐶 ∙ = (𝑒1 +
𝜌

𝜏
𝑬1,

𝜎

𝜏
𝑬1, 𝑥) (𝑔1, 𝑮1, 𝑦), (𝑒𝑗 +

𝜌

𝜏
𝑬𝑗 ,

𝜎

𝜏
𝑬𝑗)

2,𝑛
, (𝑔𝑗 , 𝑮𝑗)

2,𝑃

, (𝑒𝑗𝑙 +
𝜌

𝜏
𝑬𝑗𝑙 ,

𝜎

𝜏
𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

 

and 

𝐷∙ = (𝑓𝑗 +
𝜌

𝜏
𝑭𝑗,

𝜎

𝜏
𝑭𝑗)

1,𝑚
, (ℎ𝑗 , 𝑯𝑗)

1,𝑄

,(𝑓𝑗𝑙 +
𝜌

𝜏
𝑭𝑗𝑙 ,

𝜎

𝜏
𝑭𝑗𝑙)

𝑚+1,𝑞𝑙

 

provided that the conditions of incomplete I-function and incomplete H-function [14] are satisfied respectively. 

 

Proof: 

To prove the assertion (3.9), first we write Mellin contour integral form of incomplete H-function with the help of (see [2], 

equation (4)), we obtain (say) 
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 = ∫ 𝑤𝜌−1

∞

0

[
1

2𝜋𝜔
∫ 1(𝜉, 𝑦) (𝑘𝑤−𝜎)−𝜉𝑑𝜉

𝐿

] 

𝐼𝑃𝑙,𝑄𝑙;𝑅
𝑀,𝑁()

[𝑠𝑤𝜏 |
(𝑒1, 𝑬1, 𝑥), (𝑒𝑗 , 𝑬𝑗)

2,𝑛
, (𝑒𝑗𝑙 , 𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

(𝑓𝑗, 𝑭𝑗)
1,𝑚

, (𝑓𝑗𝑙 , 𝑭𝑗𝑙)𝑚+1,𝑞𝑙

]  𝑑𝑤,  (3.11) 

Now, changing the order of integration and using Mellin transform of incomplete I-function (1.7), we get 

 =
𝑠−𝜌

𝜏(2𝜋𝜔)
∫ 1(𝜉, 𝑦)𝜙1 (

𝜌+𝜎𝜉

𝜏
, 𝑥) (𝑘𝑠𝜎)−𝜉𝑑𝜉

𝐿
(3.12) 

Finally, with the help of (1.1), we get the desired result. 

Theorem V 

If 

𝜎 > 0, −𝜎 𝑚𝑎𝑥
1≤𝑗≤𝑁

𝑅𝑒 (
1 − 𝑔𝑗

𝑮𝑗

) − 𝑚𝑖𝑛
1≤𝑗≤𝑚

𝑅𝑒 (
𝑓𝑗

𝑭𝑗

) < 𝑅𝑒(𝜌) < 𝜎 𝑚𝑖𝑛
1≤𝑗≤𝑀

𝑅𝑒 (
ℎ𝑗

𝑯𝑗

) + 𝑚𝑎𝑥
1≤𝑗≤𝑛

𝑅𝑒 (
1 − 𝑒𝑗

𝑬𝑗

), 

Then the following improper integral holds for  𝑥 ≥ 0: 

∫ 𝑤𝜌−1𝐻𝑃,𝑄
𝑀,𝑁 [𝑘𝑤−𝜎 |

(𝑔𝑗 , 𝑮𝑗)
1,𝑃

(ℎ𝑗 , 𝑯𝑗)
1,𝑄

]

∞

0

 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛()

[𝑠𝑤𝜏 |
(𝑒1, 𝑬1, 𝑥), (𝑒𝑗 , 𝑬𝑗)

2,𝑛
, (𝑒𝑗𝑙 , 𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

(𝑓𝑗 , 𝑭𝑗)
1,𝑚

, (𝑓𝑗𝑙 , 𝑭𝑗𝑙)
𝑚+1,𝑞𝑙

] 𝑑𝑤 

=
𝑠−𝜌

𝜏
𝐼𝑃+𝑝𝑙,𝑄+𝑞𝑙;𝑟

𝑀+𝑚,𝑁+𝑛()
[𝑘𝑠𝜎 |

𝐶 ∙

𝐷∙]      (3.13) 

and 

∫ 𝑤𝜌−1𝐻𝑃,𝑄
𝑀,𝑁 [𝑘𝑤−𝜎 |

(𝑔𝑗 , 𝑮𝑗)
1,𝑃

(ℎ𝑗 , 𝑯𝑗)
1,𝑄

]

∞

0

 

𝐼𝑝𝑙,𝑞𝑙;𝑟
𝑚,𝑛(𝛾)

[𝑠𝑤𝜏 |
(𝑒1, 𝑬1, 𝑥), (𝑒𝑗 , 𝑬𝑗)

2,𝑛
, (𝑒𝑗𝑙 , 𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

(𝑓𝑗 , 𝑭𝑗)
1,𝑚

, (𝑓𝑗𝑙 , 𝑭𝑗𝑙)
𝑚+1,𝑞𝑙

] 𝑑𝑤 

=
𝑠−𝜌

𝜏
𝐼𝑃+𝑝𝑙,𝑄+𝑞𝑙;𝑟

𝑀+𝑚,𝑁+𝑛(𝛾)
[𝑘𝑠𝜎 |

𝐶 ∙

𝐷∙]      (3.14) 

where 

𝐶 ∙ = (𝑒1 +
𝜌

𝜏
𝑬1,

𝜎

𝜏
𝑬1, 𝑥) , (𝑒𝑗 +

𝜌

𝜏
𝑬𝑗 ,

𝜎

𝜏
𝑬𝑗)

2,𝑛
, (𝑔𝑗 , 𝑮𝑗)

1,𝑃

, (𝑒𝑗𝑙 +
𝜌

𝜏
𝑬𝑗𝑙 ,

𝜎

𝜏
𝑬𝑗𝑙)

𝑛+1,𝑝𝑙

 

and 

            𝐷∙ = (𝑓𝑗 +
𝜌

𝜏
𝑭𝑗 ,

𝜎

𝜏
𝑭𝑗)

1,𝑚
, (ℎ𝑗 , 𝑯𝑗)

1,𝑄

,(𝑓𝑗𝑙 +
𝜌

𝜏
𝑭𝑗𝑙 ,

𝜎

𝜏
𝑭𝑗𝑙)

𝑚+1,𝑞𝑙

 

provided that the conditions of incomplete I-function [1] 

and Fox’sH-function(see [8], [9]) are satisfied. 

Proof: In the similar manner of the Theorem IV, and 

using the result of equation (3.9) and (3.10), we obtain the 

result (3.13) and (3.14) of the Theorem V. 
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