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Finite and Infinite Integral Formulas Associated
with a Family of Incomplete I- Functions
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Abstract: In recent years, research focuses on the integral
representations of several kinds of special functions. In this
paper, first we establish the integral representation of incomplete
I- functions. Further, we find out some special cases of these
integrals. Finally, we derived certain integrals involving a
product of incomplete I- function and some other special
functions.2010 Mathematics Subject Classification: 33E20,
44A40.
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l. INTRODUCTION

In the last decade, many authors (see, e.g. [1-7], [11-
147) have developed numerous integral formulas involving a
variety of incomplete hypergeometric functions. Such
integral formulas have many applications in potential field
of physics, applied sciences, engineering and chemical
sciences.

Recently, Bansal et al. [1] introduce new incomplete
I-functions which is an extension of the Saxena’s I- function

_ MU = GENTL Ty + O (- g, ~ 68) |

[10] and gave certain interesting integral formulas and
transform of these functions, which are expressed in terms
of generalized (Wright) hypergeometric function.

The incomplete I- functions (I1Fs) (F)I;’;ﬁl;r(w) and
(Y)I{,’ll;gl;r (w) [1] are defined as follows
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The contour L in the complex &-plane extends from
¢ —ioo to ¢ + i, ce Re and poles of the gamma functions
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The incomplete I- functions 177 (w) and

(Y)I;';;};l;r(w) in (1.1) and (1.3) exists fory = 0 under the

following set of conditions satisfied.
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r(1-g;,—6G;¢),j=1n do not exactly match with the
poles of the gamma functionsI'(h; + H;¢),j = 1,m. The
parameters m,n,p;, q;, are non negative integers satisfying
0<n<p,0<m<gq,l=1r. The parameters
G;,H;, G;, H; are positive integers and g, h;, gj;,h;, are
complex. All poles of @, (¢, y)and @,(&,y) are supposed to
be simple and the empty product is treated as unity.

(i) N >0, larg (W)l <2,

(ii) N 20, largw)l <2 and Re (y+1) <0,

where
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foralll =1,r.
Now, we call here Mellintransformof incomplete |-
functions, which were given by Bansal et al. (see [1],

p.1251, equation (3.2)).
Mellin Transform
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provided that each member in (1.9) exist.

1. INTEGRAL REPRESENTATIONS OF
INCOMPLETE I-FUNCTIONS

In recent year, Srivastava et al. [13] and Bansal et al. [2]
established the integral representation of the incomplete
Gauss hypergeometric functions and incomplete H-functions
respectively. So motivated by their work, we establish the
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y=0, k>0, — min Re (—]) < Re(p)
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Then Mellin transform of incomplete |- functions
Opmn (w) and VI (w) defined as follows:
M
n+1,p; \ . b} —
1.7

where@, (b, y)and @, (p,y) are given in (1.2) and (1.4)
respectively and providefl that each member in (1.7) and
(1.8) exist. 1

If we take y =0 in (1.7),then Mellin transform of I-
function [10] is defined agfollows:

)
[o}-2e
(1.9)

integral representation of incomplete I- functions defined in
(1.1) and (1.3).

Theorem |

If y>=0andRe(g,) >0,

ofincomplete 1- functions 177

(1.1) and (1.3) in following way:

thenintegral
(w) and

representation
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Proof:

To prove the assertion (2.1), firstly we express the Mellin-Barnes contour integral form of well knownSaxena’sl-function
[10] in R.H.S of (2.1), we get

ftgl_le_t 1 f o [H 1F(h-+ f)n zl‘(l—gj—G,-f) (tle)_Edf dt |

y Znw j= m+11—‘(1 ]l_ ]l";) j= n+1 F(g]'l+GﬂE)]

(2.3)
Further, changing the order of integration and with the help of familiar upper incomplete Gamma function definition (see [1],
equation (1.4)).We obtain

L 17g1 — G4§, y)Hm1F(h‘+ .g)]‘[’? 2F(1 Gf)
2w L Ll[ j= m+111(1 Jl_ 115) H] n+1r(g]l+ lg)]

_fdf

with the help of (1.1),we arrive at the result of (2.1).
Similarly, we get the integral representation (2.2) of incomplete I- function(Y)I{,’ll;‘lr(w)with the help of lower incomplete
Gamma function definition (see [1], equation (1.3)).

2.1 Special cases:
(i) If we set y = 0 in (2.1), then we obtain integral representation of Saxena’sl- function [10] as

(1 - g1; Gl): (g}; Gj)Z,n’ (gjl’ Gjl)n+1‘pl

It w
p q r
14 (h; ) ,(h.bHﬂ)qul
(9,.6)),, (9, 63)
= [t et Gy 2’ L dt (2.1.1)
(h 4 ])1m (h]l’ )m+1"h
(i) Again, setting r = 1 in (2.1) and (2.2), then we obtain integral representation of incomplete H- function[14], which
is established by Bansal et al. [2]
mn [W (1=9:,67). (976, l
P (h’ Hj)l,q
(91 1)
_ - 11461 2p
f t91-1g tH;nrllq [ (h ) l dt (2.1.2)
’ ] 1,9
and
ym‘n [W (1 — 91 61; y); (g}' Gj)z,p ]
P (h}’ Hj)l'q
(916,
= [ tor-temtgmn [tﬂ " ] dt (2.1.3)
(b, )m
(i) If we take r = 1 and y = 0, then (2.1) reduces to familiar Fox’s H-function ([8], [9], [15]):
g [W (1 — 91 Gl)r (g]’ Gj)Z,p ]
P (h]’ Hj)l,q
(95 6;)
= [P0 te —tH;"';qi[ T ] dt (2.1.4)
( ])Lq
. INTEGRAL FORMULAS INVOLVING A
PRODUCT OF INCOMPLETE I-FUNCTION
AND THE VARIOUS KINDS OF SPECIAL
FUNCTIONS
Theorem 11
If
1-g; . b . hy 1-g
o>0, —omax Re — min Re| = | < Re(p) < 0 min Re|—=- |+ max Re E
1<jsn G; 1<jsM ﬁj 1<jsm H; 1<j<N a;
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Then the following improper integral holds fory > 0:
f wp-1mn kw0 (91,61 y), (gj' G]-)Z,n, (g]'l' G]'l)n+1,m
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where
€ =(91,6G1Y), (aj + pa;, aaj)l,N' (gj' Gf)z_n; (gjl’ Gﬂ)n+1.pl' (aji TP Jaﬁ)NH'Pl
and

D = (b; + Bip,oB;), . (hy, HJ’)Lm; (hjn Hﬂ)mﬂ_q,'(bﬁ + PBji Uﬁﬁ)Mﬂ_Ql

provided that the conditions of incomplete I-function and I-function are satisfied.

Proof:

To prove the assertion (3.1), first we write Mellin contour integral form of incomplete I-function with the help of (1.1), we
obtain (say=)

(aj’ aj)l'N ; (aji’ aji)N+1'pl
(b1 B1), o (bji»ﬁji)MH,Ql
Now, changing the order of integration and using Mellin transform of I-function, we get

dw 3.3)

2w

E=flwet [ 6,6y) ew ) Edg| Ity lsw

-P
E=— 8:E N +0E) (ks®)ds (3.4)

Finally, with the help of (1.1) and (see [10], equation (2.1.42)) we get the desired result.

Theorem 111

If

1—-g; ; h; 1—e;
g >0, —omax Re ( g,) — min Re <f—1> < Re(p) < o min Re (—j) + max Re( l),
1<j<N ;i 1<jsm F; 1<jsM H; 1sjsn E;

Then the following improper integral holds for x,y = 0:
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—p c
= O e k5[] (36)
where
) p_ 0 p_ 0 p o
C = (91 + ;El,?El,x) (gl' Gl'y)' (e] + ;Ej,;Ej)z‘n, (gJ, Gj)ZN; (gjl; Gjl)N‘l‘l,Pl' (ejl + ;Ejl’;Eﬂ)n+1,pl
and

- PF.°F. 4+ PF °F.
D =(f;+2F, TF,)Lm,(h,,H,)LM, (h,l,HJ,)MH‘Ql,(,;, +2Fy, TFJ,)mH'ql
provided that the conditions of incomplete I-functions in (1.1) and (1.3) are satisfied.
Proof:
To prove the assertion (3.5), first we write Mellin contour integral form of incomplete I-function with the help of (1.1), we
obtain (sayQ)

1
o= [wt [ o6y Gworta]

(81, El,X), (ej' E])Z n’ (efl' E]l)
- ,

n+1,p;

() yM,N

Ipjour |SW dw (3.7)

(f3 )y e (it sz)m+1_ql
Now, changing the order of integration and using Mellin transform of incomplete I-function (1.7), we get
-pP
==, 8.6 (B2 x) (ks (38)
Finally, with the help of (1.1), we get the desired result (3.5) of Theorem II1.
Theorem IV
If
1-g; . fi . h; l1—¢
g >0, —omax Re — min Re (=] < Re(p) < o min Re|—=-|+ max Re ,
1<jsN Gj 1<jsm Fj 1<jsM H]- 1<jsn Ej

Then the following improper integral holds for x,y = 0:

.I-Wp_1f'£,"é" [kw-a (91,61, (95, Gj)Z,P l
0 ' (h]' H]')]_‘Q

. (ell E1, X), (ej' Ej)Z,n' (ejl’ E]l)
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Dpmn A ow dw
pLapr (f}, Fj)l.m’ (fﬂ' Fﬂ)m+1.ql
-p C
_ ST (nlgd:przr,l‘QN:;ITzl:T [kSU |D] (3.9
and
.[ Wp_l)/;wéN [kw—a (91’ G, }7), (gj’ Gj)z'P
0 ' (h’ H]')l‘Q
¥)ymn T (€1, B0, ), (ej' Ej)z.n' (ejl' Eﬂ)n+1‘pl
i w
(f}’ Fj)l,m’ (f)'l’ F}'l)m+1‘ql
_s7F ) [M+mN+n [ksa |C] (3.10)
- P+p1,Q+qur D '
where
. p_ G p_a p_ G
C = (61 + ;El,;El,x) (gl, Gl,y), (ej + ;Ej,;Ej)z‘n; (g], G])Z P, (ejl + ;Ejl:;Ejl)TH_Lpl
and

D= (f,- + %FJ'%Fj)l‘m ) (hj'”j)w:(sz + fsz'an)mH‘ql

T

provided that the conditions of incomplete I-function and incomplete H-function [14] are satisfied respectively.

Proof:
To prove the assertion (3.9), first we write Mellin contour integral form of incomplete H-function with the help of (see [2],
equation (4)), we obtain (say®)
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r 1
[ we [% fL 5y (kw-")-fdf]
0

(elf Elv x)! (ej' Ej)Z,‘n' (ejl’ E]l)
(f}" Fj)l‘m’ (fjl’ Fjl)m+1,ql

(F)IM N

T
P1L,QuR sw

n+1,p;

dw, (3.11)

Now, changing the order of integration and using Mellin transform of incomplete I-function (1.7), we get

o : )
0= SENG (EEx) (s fd5(312)
Finally, with the help of (1.1), we get the desired result.
Theorem V
If
>0, —omax Re — min Re <Re(p)<oa mm Re + max Re ,
1<jsN Gj 1<jsm FJ <j< H]- 1<jsn Ej

Then the following improper integral holds for x > 0:

J-WF’ THMN N ew—o (gj’Gj)lvP :|
P
0 ? (h]'H])LQ
D) ymn |Cer B, (e Ep), o (e B,y
LpJaur |SW (f- F—) (f- F—) dw
P53 e ViU T il ms,q,
-p C
-z opm, [k |0
and
pr THplo' [kw = (‘gj'Gj)LP }
0 (h}’H})l_Q
W) ymm ‘L’ (elﬂElﬂx)l (ej'Ej)Z,n' (ejl'Ejl)n+1,pl
Lyjair |sw ( -F-) ( ' F-) dw
f}' J/1m’ f}l' Wm+1,q,
=5p(Y)IM+mN+n [ U|C']
T P+p,Q+qpr D
where
c=(e +2E,%E x) (e-+BE-EE)
e AN
and

p =, +§F,-,%Fj)1‘m,

provided that the conditions of incomplete I-function [1]
and Fox sH-function(see [8], [9]) are satisfied.

Proof:

In the similar manner of the Theorem IV, and

using the result of equation (3.9) and (3.10), we obtain the
result (3.13) and (3.14) of the Theorem V.
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